
Topics in Learning Theory

Lecture 3: Concentration and Rademacher Complexity



Topics

• General Exponential inequalities for sum of independent variables

• Concentration inequality: McDiarmid’s inequality

• Symmetrization and Rademacher Complexity
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Independent Variables and Concentration

• Let ξ1, . . . , ξn be iid random variables.

• Law of large numbers: empirical mean converges to the true mean in
probability

1
n

n∑
i=1

ξi →P Eξ1.

– the empirical mean is concenrated around the true mean when n is large.

• Given deviation ε > 0, degree of concentration: measured by tail inequality
for

P

[
1
n

n∑
i=1

ξi −Eξ1 ≥ ε

]
one sided
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or

P

[
|1
n

n∑
i=1

ξi −Eξ1| ≥ ε

]
two sided

• Markov inequlaity (two sided): if f(u) ≥ 0, then:

P

[
|1
n

n∑
i=1

ξi −Eξ1| ≥ ε

]
≤

Ef(|1n
∑n

i=1 ξi −Eξ1|)
infu≥ε f(u)

.

• Chebyshev’s inequality:

P

[
|1
n

n∑
i=1

ξi −Eξ1| ≥ ε

]
≤ 1

nε2
V ar(ξ1)

can be proven using f(u) = u2 (second moment)
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– decays slowly when � is large.

• Hoeffding’s inequality (� 1 ∈ [0; 1]):

P [
1
n

n∑
i=1

� i −E� 1 ≥ � ] ≤ exp(−2n� 2)

P [
1
n

n∑
i=1

� i −E� 1 ≤ −� ] ≤ exp(−2n� 2)

can be proven using f (u) = eλu



Bounding Logarithmic moment generating function



















McDiarmid’s inequality

Theorem 1. Let ξ1, . . . , ξn be independent random variables. Consider a real-
valued function g(ξ1, . . . , ξn) such that ∀i = 1, . . . , n:

sup
ξ1,...,ξn,ξ′i

|g(ξ1, . . . , ξn)− g(ξ1, . . . , ξi−1, ξ
′
i, ξi+1, . . . , ξn)| ≤ ci.

Then for all η ≥ 0, with probability of at least 1− η,

g(ξ1, . . . , ξn) ≤ Eg(ξ1, . . . , ξn) +

√√√√ln(1/η)
2

n∑
i=1

c2
i .

Remark: generalize Hoeffding’s inequality
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• proof is analogous

• obtain Hoeffding’s inequality for ξi ∈ [0, 1] and g(ξ1, . . . , ξn) = 1
n

∑n
i=1 ξi
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Application to Learning

• We let

g(Sn) = sup
f∈H

[Eφ(f(X), Y )− 1
n

n∑
i=1

φ(f(Xi), Yi)]

• If φ(f(X), Y ) ∈ [0, 1], then can take ci = 1 in McDiarmid’s inequality: with
probability 1− η:

[EX,Y φ(f(X), Y )− 1
n

n∑
i=1

φ(f(Xi), Yi)]

≤ESn sup[EX,Y φ(f(X), Y )− 1
n

n∑
i=1

φ(f(Xi), Yi)] +

√
ln(1/η)

2n
.
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• McDiarmid gives
√

1/n rate at best

– similar to additive form of Hoeffding’s inequality

• In order to get fast 1/n rate, one requires more sophisticated concentration
inequality

– bernstein-type
– also requires localization techniques (localized Rademacher complexity)

— important developments in recent years
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Symmetrization

• Purpose: derive complexity measure using empirical quantities

– such as empirical covering number or empirical Rademacher complexity

• S′n = {(X ′
i, Y

′
i )}: iid copies of Sn = {(Xi, Yi)}

• σi: iid Bernoulli with equal probability ±1
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ESn sup[EX,Y φ(f(X), Y )− 1
n

n∑
i=1

φ(f(Xi), Yi)]

=ESn sup[ES′n

1
n

n∑
i=1

φ(f(X ′
i), Y

′
i )− 1

n

n∑
i=1

φ(f(Xi), Yi)]

≤ESn,S′n sup[
1
n

n∑
i=1

φ(f(X ′
i), Y

′
i )− 1

n

n∑
i=1

φ(f(Xi), Yi)]

=ESn,S′n sup[
1
n

n∑
i=1

σiφ(f(X ′
i), Y

′
i )− 1

n

n∑
i=1

σiφ(f(Xi), Yi)]

≤2ESn sup
1
n

n∑
i=1

σiφ(f(X ′
i), Y

′
i ).
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Rademacher Complexity

R(φ(H)) = ESnR(φ(H)|Sn)

and

R(φ(H)|Sn) = Eσ sup
f∈H

1
n

n∑
i=1

σiφ(f(X ′
i), Y

′
i ).

• Learning Bound: if φ ∈ [0, 1], then (McDiarmid)

EX,Y φ(f(X), Y ) ≤ 1
n

n∑
i=1

φ(f(Xi), Yi) + 2R(φ(H)) +

√
ln(1/η)

2n
.
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Estimating Rademacher complexity: L2 covering number
and chaining

• Given Sn, L2 empirical covering is the cover of φ(cH) with respect to metric:

d(f, f ′|Sn) = [
1
n

n∑
i=1

[φ(f(Xi), Yi)− φ(f(Xi)′, Y ′
i )]2]1/2,

which we denote as N2(φ(H), ε|Sn)

• Empirical L2 covering number is smaller than empirical L∞ covering number.
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• Chaining bound for Rademacher complexity: there is universal C > 0:

R(H|Sn) ≤ 0.5C inf
ε0

[
ε0 +

∫
ε>ε0

√
1
n

ln(1 + N2(H, ε|Sn))dε

]

• Learning bound using empirical L2 covering number: if φ ∈ [0, 1]

EX,Y φ(f(X), Y ) ≤1
n

n∑
i=1

φ(f(Xi), Yi) +

√
ln(1/η)

2n

+ CESn inf
ε0

[
ε0 +

∫
ε>ε0

√
1
n

ln(1 + N2(φ(H), ε|Sn))dε

]
.

• Consequence of chaining bound:
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– if covering number N2(φ(H), ε|Sn) = O(1/εp) for p < 2, then

R(H|Sn) = O(1/
√

n)

– sharper than bound not based on the chaining argument: complexity in
the last lecture

inf{ε : ε ≥ b
√

ln[aN∞(φ(H), ε/4)/η]/n}

∗ N2(φ(H), ε|Sn) ≤ N∞(φ(H), ε)
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